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Abstract—Despite the promising results, tensor robust principal component
analysis (TRPCA), which aims to recover underlying low-rank structure of clean
tensor data corrupted with noise/outliers by shrinking all singular values equally,
cannot well preserve the salient content of image. The major reason is that, in real
applications, there is a salient difference information between all singular values of a
tensorimage, and the larger singular values are generally associated with some
salient parts in the image. Thus, the singular values should be treated differently.
Inspired by this observation, we investigate whether there is a better alternative
solution when using tensor rank minimization. In this paper, we develop an
enhanced TRPCA (ETRPCA) which explicitly considers the salient difference
information between singular values of tensor data by the weighted tensor Schatten
p-norm minimization, and then propose an efficient algorithm, which has a good
convergence, to solve ETRPCA. Extensive experimental results reveal that the
proposed method ETRPCA is superior to several state-of-the-art variant RPCA
methods in terms of performance.

Index Terms—Tensor singular value decomposition, robust principal component
analysis, multidimensional image denoising
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1 INTRODUCTION

LOW-RANK representation has been widely used for background/
foreground detection in video surveillance and image denoising,
where Robust Principal Component Analysis (RPCA) [1] is one of
the most representative methods. It aims to separate the data
matrix Y into a low-rank matrix X € R”*" and a sparse matrix E,
where X represents clean data, and E is error. Since the rank mini-
mization is non-convex and discontinuous, researchers usually use
nuclear norm minimization as a convex relaxation in real applica-
tions [2], [3].

Inspired by the impressive results of RPCA, variant RPCA meth-
ods have been developed by leveraging different regularized terms
such as manifold regularization [4], [5] and noise regularized
term [6], and achieved good experiments in some applications.
Although their motivations are different, all of them regularize all
singular values equally when solving nuclear norm minimization.
This reduces the flexibility of algorithms and obtains the clean data
whose rank does not approximate the target rank in practice. To solve
these problems, two of the most representative nuclear norm minimi-
zation methods are: (1) Adaptive nuclear norm penalization [7],
which is the same as weighted nuclear norm Minimization [8]. Using
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it instead of standard nuclear norm in RPCA, weighted RPCA
(WRPCA) is described as

win |[X||,. + AIE], st Y=X+E, o)

where |[X]|,.=>";w;*0;(X), w; denotes the jth element of
weighted vector w, o;(e) denotes the jth largest singular value of a
matrix. (2) Nuclear norm minimization with Partial Sum of Singular
Values (PSSV) [9], which is similar to truncated nuclear norm regu-
larization [10]. Using it instead of standard nuclear norm, Oh et al.
[9] proposed an alternative objective function which is defined as

min [[X|,_, + A|Ell st.Y =X +E, )

where [X],. = 371" 0,(X).

One major shortcoming of the aforementioned nuclear norm mini-
mization methods is that they cannot well handle the multidimen-
sional data, also referred to tensor data which are ubiquitous in real
applications [11], [12]. For example, a color image is a 3-way object
with column, row and color modes; a gray scale video is indexed by
two spatial variables and one temporal variable. Since existing
nuclear norm methods first need to transform each multidimensional
data into a matrix when learning the low-rank clean data, they ignore
the information embedded in multidimensional structure. This
would cause performance degradation. To alleviate this issue,
inspired by tensor Singular Value Decomposition (t-5VD), Lu et al.
[13] extended RPCA to tensor case and proposed Tensor Robust Prin-
cipal Component (TRPCA) which achieves impressive results in the
experiments. Motivated by TRPCA, Zhang et al. [14] developed
tensor PSSV (TPSSV) that well exploits the target rank when learning
the clean tensor data.

Although TRPCA and TPSSV have achieved impressive results
for multidimensional data analysis, they still have some limita-
tions. First, TRPCA explicitly considers each singular value equally
and shrinks all singular values with the same parameter in solving
the tensor nuclear norm minimization. In real applications, singu-
lar values have clear physical meanings, and the larger singular
values are generally associated with some prominent information
of the image. Thus, to preserve the prominent information embed-
ding in image, we should make the large singular values shrink
less, which was unfortunately not taken into account in TRPCA.
Thus, it cannot well preserve some prominent information such as
color information. Second, TPSSV does not shrink the first r largest
singular values. Doing so implies that information, which are asso-
ciated with the first r largest singular values, does not include
nothing to do with content of the image. However, such an
assumption restricts its capability and flexibility in dealing with
many practical problems [15].

To handle the aforementioned problems and well exploit multi-
dimensional structure embedded in tensor data, inspired by t-SVD
based nuclear norm and TRPCA, we present an enhanced TRPCA
(ETRPCA) that explicitly considers the prior knowledge of singular
values of tensor data in solving tensor nuclear norm minimization,
and then propose an efficient algorithm to solve the tensor low-
rank matrix. Finally, we apply it to multidimensional data for
image recovery/denosing and background modeling. The main
contributions of our work are summarized as follows:

e  We study the weighted tensor Schatten p-norm minimiza-
tion (WTSNM) based on t-SVD and propose an efficient
algorithm, which has a closed-form solution, to solve
WTSNM. WTSNM explicitly considers the prior knowledge
of singular values of tensor data.

0162-8828 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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e We apply WTSNM to solve our proposed ETRPCA and
develop an efficient algorithm which has a good conver-
gence. The obtained clean tensor data well preserve both
the multidimensional structure and prominent information
embedded in tensor data.

e Most existing nuclear norm minimization models can be
viewed as special cases of our model.

2 NOTATIONS AND PRELIMINARIES

For convenience, we first introduce the notations and definitions
used throughout the paper. We use bold calligraphy letters for
third-order tensors, e.g., A € R"*"2%"s, bold upper case letters for
matrices, e.g., A, bold lower case letters for vectors, e.g., a, and
lower case letters such as a;;; for the entries of A. Moreover, we
denote A by the ith frontal slice of A and A the discrete Fast
Fourier Transform (FFT) of A along the third dimension, i.e., A=
Tft(A,[],3). Thus, A = iffi(A,[],3).

Definition 1 [16]. For a 3-way tensor A € R™*"2*"3 the Frobenius

norm of Ais || Allp = /> |aijn ? and conjugate transpose of A €

R™M Xn2xn3 g AT € RM2Xxmxng

Definition 2 [16]. For a 3-way tensor A € R"*"2X"3 e have
bdiag(A) = diag(K(l);X(Q); e ;X(ng)). 3)

Definition 3 [16]. For a 3-way tensor A € R™*"2*"s jts block circu-
lant matrix is a matrix of ning x nong having the following form:

AWM Am3) A®
A® AL A®

beirc(A) = . . . 4)
Al A(-D AD

Definition 4 [16]. For a tensor Ac R™*"2%" e have

unfold(A) = |[AD; AP,
fold(un fold(A)) = A.

- A3)
' (6))

Definition 5 [16]. Let A € R™*"™>*" gnd B € R™*" | then the
t-product between them is C € RM**"s e,

C=AxB= fold(bcirc(A)-unfold(B)), (6)

t-product between A and B can be computed efficiently by

1) Calculate A = fft(A,[],3) and B = fft(B,]],3);

2)  Multiply the each pair of the frontal slices of A and B to
obtain C;

3) Calculate C = ifft(C,]],3);

Theorem 1 [16]. Block-circulant matrix can be block-diagonalized by

(Fpy ® Iy, )-beire(A)-(Fyy ' @1,,) = A, (7

where ® denotes the Kronecker product, F,, is the n3 x n3 Discrete
Fourier Transform (DFT) matrix, 1, and I, denote ny x ny and
ny X ng identity matrices, respectively.

Theorem 2 [16](T-SVD). Let A € R"*"2*" then A can be factored
as

A=UxS*V", )

where U € R™M*™"*™ and YV € R"2*™*"™  are orthogonal, S €
R™M>*"2X73 s q f-diagonal tensor.
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Definition 6 [13], [17] (tensor nuclear norm). Given X €
R™M>m223 | = min(ny, ny), its nuclear norm is

n3

n3 1
(i (i
) =S IXVL =30 XY, ©
i=1 i=1 j=1

3 RoBusT TRPCA

3.1 Motivation and Objective
TRPCA [13] is a representative tensor low-rank representation
method. It learns the clean low-rank tensor data X from ) by
st.Y=X+E.

min A|[€][; + (|| (10)
EX

According to Definition 6, we have that the model (10) regular-
izes all singular values of tensor data equally and shrinks all singu-
lar values with the same parameter in solving the tensor nuclear
norm minimization. In real applications, for an arbitrary image,
there is a large difference between its non-zero singular values,
especially between the first several large singular values and the
last several small singular values, and the larger singular values are
generally associated with some prominent information such as color
information of the image. To well exploit the prominent information
embedding in image, we should make the large singular values
shrink less, while TRPCA does not fully leverage this prior informa-
tion about singular values in minimizing tensor nuclear norm.
Thus, it cannot well preserve some prominent information such as
color information. Moreover, the rank of the clean tensor data X
may not approximate the target rank in practice. To tackle this prob-
lem, one popular model is TPSSV whose objective function is [14]

min A1€]], + | sty =X +E, an

p=r
where ||X]],_, = >, HX(') [|,—,- From the model (11), we have that
it does not shrink the first r largest singular values in solving the
tensor nuclear norm minimization. This indicates that the informa-
tion, which are associated with the first r largest singular values,
do not include nothing to do with content of the image. However,
such an assumption is very strict and may not be reasonable in
practice [15].

Inspired by the aforementioned insight analysis, to preserve the
prominent information, we should make the large singular values
shrink less in tensor nuclear norm minimization. Thus, we first
introduce weighted tensor Schatten p-norm as

Definition 7. Given X € R™*"2*" b = min(ny,ny), weighted tensor
Schatten p-norm of X is defined as

1
n3 P
(1)
1€l 5, = (ZIX IZ‘S,,>
i=1

h

= (i D@0 (X(i))p> :

i=1 j=1

(12)

1
P

Then, we propose a Robust TRPCA whose objective function is

1?%\1(1)\”5H1+||XH215P st.Yy=X+E. (13)

3.2 Optimization
Inspired by Augmented Lagrange Multipliers, the model (13) can
be solved by minimizing the model (14)

P(E,X,L 1) = NE]l, +(£,Y - X =€)

, I3 14
X115, s, +§|IJ’*X*SH§,
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where, L is the Lagrange Multiplier and 1 is a positive scaler. The
main procedure includes the following several subproblems:
&-Subproblem. To update £ (fixing the other variables), the model
(14) becomes
1 2
+5 1€ =l (15)

A
arg min—||€]|,
& M

where Hj, = Y + ;'L — X}, inspired by soft-thresholding opera-
tor, we have

1 = Tﬁ(Hk:), (16)
where, the (i,7,k)th element of T, (Hy) is sign((Hi) ,)e
max(l(Hk')i.j.k‘ =M1, 0). "

X-Subproblem. The model (14) becomes

an

. 1
argmin |1 5, + 511 — Myl

where M, =Y + 1L} — Ers1 which is called WTSNM. To solve
it, we first introduce the following Lemma and Theorems.

Lemma 1 [18]. For the following optimization problem:

1
Z(5— »
1§1>1n f(8) = 2(5 o)’ + s, (18)
with the given p and w, there exists a specific threshold
205 (@) = (20(1 ~ )77 + wp(20(1 - ), (19

we have the following conclusion.

1) When o <155 (w), the optimal solution T%"(o,w) of
Eq.(18)is 0.

2)  When o > 155" (), the optimal solution is T (0, w) =
sign(o )S(’ST(U ) and S$7 (o, w) can be obtain by solving

1
5957 (0, ) — o + wp(ST (0, )" = 0.

Theorem 3 [18]. Let Y = UyDyV)T/ be the SVD of Y € R™ ", ¢ > (,
Il =min(m,n), 0 < w; < wy < --- < wy, a global optimal solution of

the following model:
drgmmfl\X Y17 + ol XI s, (20)
is
TeolY] = UyPro(Y)Vy, (21)
where, Pr*w(Y) = dla(](]/l s Vs Vl) und Vi = TpGST(O-i (Y)a Tx

w;) which can be obtained by Lemma 1.

The fact that a closed-form global minimizer can be found
comes from von Neumann’s trace inequality [19], {o;(Y)} is in
nonincreasing order, while {w; } is in nondecreasing order.

Theorem 4. Suppose A € R"*"2*" [ = min(ny,ns),0 < o) < wy <
<y, let A=U xS« VT Given the model

argmlanX Al +7:HXH¢»5,, (22)
Then, a global optimal solution to the model (22) is
X =Too(A) = U ifft(Pro(A) * V', (23)

where, Pm,(jl) is a tensor and P,*,,,(K(i)) is the ith frontal slice of
P...(A).
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Proof. In Fourier domain, the model (22) becomes
n3 @)
argmm—HX A|\F+Zr*|\x [ (24)
According to Definition 1, we have
ng
argmmZ(—HX HF""I*HX( stn) (25)

where, X" is the ith frontal shce of X.

In Eq. (25), each variable X @ s independent. Thus, it can be
divided into n3 independent subproblems. For the ith (i =1,
2,...,n3) subproblem, we have
(26)

| -
arg min X" = &[5 4+ X"
i)

@,Sp"
xU

According to Theorem 3, the global optimal solution of
Eq. 26) is X" = Tro[A"”] = T"P,.o(A"”)V"7, which is the
ith frontal slice of X" Since we get global solutions of all sub-
problems, according to Definition 5, we can easily get the global
solution of the optimization problem (22), i.e.,

X' =Yoo A] = U 5 ifft(Priw(A)) + VT, 27

where U = ifft(U,[],3) and V = ifft(V,]],

Now, we consider how to solve the model (17). According to
Theorem 4, the solution is

3). m]

XHl* (M},) (28)

The pseudo code is summarized in Algorithm 1.

4 CONVERGENCE ANALYSIS

To prove the convergence of Algorithm 1, we first prove the
bounded of sequences {L;}, {€} and {X}} (See Theorems 5 and
6), then show convergence (See Theorem 8).

Theorem 5. The sequence {Ly}, which is generated by Algorithm 1, is
bounded.

Proof. In the (k + 1)th iteration in Algorithm 1, we have

Lkallp = 1Lk + (Y = X1 — Ep)llp
= X || L+ Y = Xt — Enallp

= %’; lbdiag(Y + wp Li — Err — Xl 29
15 T Jp—

= Tn’“_& [bdiag(My) — bdiag(X:1)||

X =Up * ifft(P 1, (My) = VL. (30)

Denote by U, x Sj, * Vf the t-SVD of M, and substituting it
and Eq. (30) into Eq. (29), we have

1 . .
1Lesrllp =y % N llbdiag(Uy,) o (bdiag(Sy)

- bdmg( (Mk)))obdiag(V_kT)HF

Lo (M)l

=/, X \/—Tl_g Hbdiag(@)—bdiag(Pl
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where, J is the number of iterations in solving the model (18).
Thus, {£;} is bounded. O

Algorithm 1. Solving Eq. (13)

Input: Observation data ), weight vector w.
Initialize: puy=1e—4, p=1.1, k=0, pn,,.,=1el0, e=le — 38,
while not converged do

1: Update &1 by the model (16).

2: UpdateX.,; by the model (28).

3: Update L1 = Ly, + (Y — Xpp1 — Eptr).
4 Update Hpev1 by M1 = min(p:u“kv M’ma.v)'

5: Check the convergence conditions

€51 — Enlly < & 1K — Xillp <

1Y = X1 — Epsallp < e

end while

6: Output £, X

Theorem 6. The sequences {E;} and {X}}, which are generated by
Algorithm 1, are bounded.

Proof. In step 1 and step 2 in Algorithm 1, since both £ and X sub-
problems have optimal solution, we have

U(Errrs Xty Ly 1) < T(Ey Xy Ly i) (32)
According to step 3 in Algorithm 1, we have
Ly =L+, (Y — Xpp1 — Ep)- (33)
Then
U(Ex, Xy Loy 1) =T (Es Xy Lo, 1)
+w||y X — Ellp + (Lp — L1, Y — Xy — &)
M= My
=D(E, Xk, L1, g1) +%\|M,ﬁi(ﬁk L)l (g
< k= L1 (Ly — Ek71)>
J’_ b
=T(Ek, Xk, Li—1, 1h1-1) +M‘|Ek Ly |7

2”%:7

Denote by O the bound of [|1Lr — Ly |5 for all {k=1,
., 00}, and combining Eq. (32), we have

C(Er1, Xipr, Liy pug) < T(E1, X1, Lo, 1)

M+ Mg
+ 0 .
; 2ui

(35)

According to [20], we have that the penalty parameter {1}
satisfies Y ro, ’”‘—31 < 400, then
P

< +o0.

Zﬂk + M 1. - Mk (36)

— 2uf S i

Thus, I'(E41, Xrt1, Li, 1) is upper bounded. The boundedness
of sequences { X1} and {&+1} can be deduced as follows:

A&kl + 11Xkl

®,S)

. 1
=T(&k, X, Lio1s 1y—1) +Lk2 - (2 [y
]
37

1
V=X - & +—l:k:1|2p>
Mg—1
=T(&k, X, Limrs 1g—1)

1 2 2
—— (1Ll — || Li= .
3 (€41 = 1)
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Since {L;}, which is generated by Algorithm 1, and I'(Ei4.,
X1, Ly, ;) are all bounded, in addition, [|€|[, and [|X%]]% S
are all nonnegative, thus {X}.}, and {&;,} are all bounded. 0

Theorem 7. (Bolzano-Weierstrass theorem) [21] Every bounded
sequence of real numbers has a convergent subsequence.

Theorem 8. If the weights are sorted in non-descending order, then {€;.}
and { X} generated by Algorithm 1 satisfy

1) lmyoo [| X1 — Xkl =0
2) limkﬂoo Hgk:+1 - gk:HF =0
3)  limgoo [|[Y = Xpp1 — Erallp =0
Proof. According to Theorems 5 and 6, we know {X}}, {€;} and
{L;} are all bounded. According to Theorem 7, {X}, &k, L}
have at least one convergent subsequence, respectively, so there

exists at least one accumulation point for {X}, &y, L }. Specifi-
cally, we have

. R 1
lim || Y = X1 — Epallp = lim —|[|Li1 — L[ = 0. (38)
k—oo kﬂoo,u,k

Thus, the accumulation point is a feasible solution of the
model (13). Then, for the £ subproblem in Algorithm 1, we have

lim [[Ex1 — Exl|p = lm [T (Hy) — Hi

k—o0 k—o0 Hi

)\TL]TLQ?’Lg
M

+ M;l Ek'i‘/"]?,]l(ﬁk - Ek—l)HF < l}iln (39)

i L+ iy (Lr = L) =0,

where ni, no and ns are size of ). O

In the kth iteration, we have

Xp=Up 1 % i [P, 1, (Mi1) V. (40)

According to step 3 in Algorithm 1, we have

X1 = Y+ (Lrer — L) — Exsr- (1

Denote by U * Sj—1 * V _, the t-SVD of M;._;, then

;ILHOIO HXk:-H - XkH[«‘
"Ly — Lys)
= klilgo V4w Lr — 1 Lrpr — Exir) — X

+(E+ it Lim1) — (Ex + i Lot ||p <
Jim [ My = Xl + 1€ = Exallp + [l L

= lim ||Y+u, — &1 — Xl
k—00

_ - . 42
— 1 e = i Ll = i (16— Exall @

1
+\/—ﬁ§|\bdmg(sk71) bdiag(P 1 (M)l

g L= g L — w21 Lo || p)

L_‘OO\/_M ZZJZ&)LZ 0.

5 RELATIONSHIP WITH RELATED WORK

This section introduces the relationships of our model with the
related work. Fig. 1 shows that the connections between our method
and most representative methods such as RPCA [1], TRPCA [13],
PSSV [9], TPSSV [14], TRPCA-WTNN [11], [12], WRPCA [7], [8],
and RPCA-WSNM [18]. Due to the space limit, we herein prove the
relationship between RPCA and our model as follows.
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Our model ny =1
ETRPCA |:> RPCA-WSNM

R e
f gy ] &G [{] & Em] 2 f i ] > E ey ]

Fig. 1. The relationship graph of our model with the related work.

Theorem 9. Our model (13) reduces to RPCA when ny =1, w = 1 and
p=1

Proof. When n3 = 1, then X and ) become second-order matrices,
denoting X and Y, respectively.
From Definition 3, we have

beire(X) = [X“)] =X. (43)

According to Theorem 1 and combing Eq. (43), we have

bdiag(X) = [i(lq
=(F® Inl)~bC’iTC(X)~(F1_1 ®I,)
=(F,9L,)X(F'®L,),

(44)

where F;, denoting the 1 x 1 Dliscrete Fourier Transform(DFT)
matrix, is a constant 1. Then, X'/ = X.
According to Definition 7, we have

~ (1)
X165, = 11X llo.s, = [ Xllw.s, - (45)
Thus, if n3 =1, p = 1, ® = 1, our model reduces to RPCA. O

6 EXPERIMENTAL RESULTS

In this section, we first compare our proposed method ETRPCA
with some classical and recently proposed methods such as
RPCA [1], WRPCA [7], [8], PSSV [9], TRPCA [13] and TPSSV [14]
under synthetic data sets, and then apply them for image recovery
and background modelling in the following subsections.

6.1 Exact Recovery From Varying Fractions of Error

We verify the correct recovery of low-rank and sparse components
on random data with different fractions of error. First, we generate
a low rank tensor Dy =P * Q with tubal rank r according to
Theorem 4.1 in [13], where P € R and Q € R"*"*" are inde-
pendently sampled from N(0,1/n) distribution. The size of tensor
Dy is n x n x n with varying choices of dimension (n =100, 200 and
300). Then, we generate a sparse tensor &£ (|||, = m) whose

TABLE 1
Correct Recovery for Random Problems of Varying Sizes
(r = ranki(Dy) = 0.1n,m = |||, = 0.1n?)

2137

TABLE 2
Correct Recovery for Random Problems of Varying Sizes
(r = ranky(Dy) = 0.1n,m = ||&]|, = 0.2n%)

n || m |Algorithm rank:(D)| [|€]lo Hzigﬁ\op”F lliglioglF
RPCA 100 567144 | 8.00e-01 |5.65e-03

10010! 2¢5 TRPCA 10 200009 | 5.48e-07 |2.98e-09
TPSSV 10 880479 |4.05e+01|2.86e-01

ETRPCA 10 200000 | 1.65e-07 |8.62e-10

RPCA 200 4541146 | 8.01e-01 |2.84e-03

TRPCA 20 1600218 | 6.24e-07 | 1.68e-09

20020) 16e5 TPSSV 20 7083855 | 7.23e+01|2.56e-01
ETRPCA 20 1600000 | 2.99¢e-07 | 7.49e-10

RPCA 300 15335876| 8.03e-01 | 1.89e-03

300130l 54¢5 TRPCA 30 5401678 | 7.74e-07 | 1.37e-09
TPSSV 30 24174049| 8.28e+01| 1.95e-01

ETRPCA 30 5400000 | 1.23e-07 |2.17e-09

non-zero entries satisfy independent Bernoulli distribution =1. We
test on two settings. In the first experiments, we set r=
rank;(Dy) = 0.1n and m = [|&||, = 0.1n>. In the second experi-
ments, we set 7=rank(Dy)=0.1n and m=[|&]|, = 0.2n’.
Tables 1 and 2 list the recovery results of several methods on vary-
ing choices of n, respectively.

From Tables 1 and 2, we can see that: (1) Tensor methods can give
the correct rank estimation, while RPCA does not. The reason may
be that tensor methods well exploit spatial structure due to the fact
that they do not need to transform each tensor into a matrix. (2)
Compared with the other methods, our method ETRPCA achieves

the smallest relative errors about || D —Dy|| /|| Do|| - with the correct
estimation of rank. Moreover, ETRPCA overall gives the correct esti-
mation of the sparsity of £ with the smallest relative errors | €
—&ollp/11€0]| - The reason may be that ETRPCA explicitly considers
the prominent different information between singular values. (3)
TPSSV is inferior to RPCA. This is probably because that TPSSV
assumes that the information, which are associated with the first »
largest singular values, do not include nothing to do with content of
the image. This is unreasonable in practice.

Table 3 shows the results of ETRPCA under different values of
 and p. In Table 3, we divide w into three groups, the first group
ranges from 1 to 5, the second group ranges from 6 to 10, the third
group ranges from 11 to 100, and the specific parameters of each
group are shown in Table 3. We have that ETRPCA achieves the
good results with w = [0.8,1,10] when p =1 is fixed,and gets the
best results with p = 0.85 when o = [0.8,1,10] is fixed. It means
that performance of ETRPCA depends on the setting of w and p,
which affect singular values. Thus, prominent different informa-
tion of singular values is important in practice.

To further analyze the performance of ETRPCA, by fixing n =
100, r =10, and m = ||&]|, = 0.1n®, we generate tensors P €
R™™ ™ and @ € R™"*" whose elements are independently sampled
from two different distributions N(0,1/n) and N(0,1), and sparse

n | r| m |Algorithm{rank:(D)| |€]lo IP—Dollp (1€ —£ollp TABLE 3
Dol I€oll p . -
RPCA 100 564266 16.98 e-0117.00 e-03 Correct Recovery With Varying p and o (n = 100,
10d10l 1 TRPCA 10 101827 | 2.27e-07 [9.97e-10 r = rank,(Dy) = 0.1n,m = ||&]], = 0.2n%)
0010} 1e3 | —7pssv T 10 | 869417 |3.21e+01|3.21e-01 Py IS Yy b
- - k (D) “5”0 IP—Dollp|ll€—Eollp
ETRPCA 10 100000 | 7.48e-08 | 4.82e-10 m p w rank Dol z TEoll»
RPCA 200 4521630 | 7.03e-01 | 3.52e-03 1 1,1,1 10 200009 | 5.48e-07| 2.98
20020! 8e5 TRPCA 20 816203 | 5.57e-07 | 1.04e-09 1 ]0.001,0.5,1 15 189646 | 32.2191 | 0.2275
TPSSV 20 7054878 | 5.51e+01|2.76e-01 2e5| 1 0.1,0.5,1 14 191667 | 28.9027 | 0.2041
ETRPCA 20 800002 | 5.27e-08 |9.15¢e-11 1 0.5,0.5,1 10 200000 | 1.79e-07 |9.49¢-10
RPCA 300 15274692| 7.05e-01 | 2.35e-03 1 0.8,1,10 10 200000 | 1.71e-07 [9.05e-10
30030 27e5 TRPCA 30 2754349 | 5.69¢-07 | 7.04e-10 0.8 ] 0.8,1,10 10 200000 | 1.89e-07 |9.99¢-10
TPSSV 30 24118681 6.19e+01[2.06e-01 2e5(0.85] 0.8,1,10 10 200000 | 1.55e-07 |8.12e-10
ETRPCA 30 2700000 | 1.17e-07 [5.46e-11 09| 0.8,1,10 10 200000 | 4.25e-07 |2.29e-09
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TABLE 4
Correct Recovery Under Different Distributions
(r = ranky(Dy) = 0.1n,m = [|El|, = 0.1n3,n = 100)

Distribution | Method |rank:(D)||€ ||o ”ﬁ;ﬁl(’FHF I ‘i g_og‘fFHF
RPCA 100 |564266| 6.98e-01 | 7.00e-03
P,Q~ N (0, -] TRPCA| 10 [101827] 2.27¢-07 |9.97¢-10
& ~ B(0.5) | TPSSV 10 |869417|3.21e+01|3.21e-01
ETRPCA| 10 |100000| 7.48e-08 | 4.82e-10
RPCA 100 |561772] 6.24e-01 |6.26e+01
P,Q ~ N (0,1)| TRPCA 10 | 100000{ 3.15e-11 |2.16e-09
£~ B(0.5) | TPSSV 10 | 100000| 2.04e-11 | 1.41e-09
ETRPCA| 10 [100000| 1.43e-11|9.78e-10

RPCA 100 |561576] 0.626 | 19.812

P,Q~ N(0,1)| TRPCA| 54 [537670] 0.019 0.600
€ ~ La(0,1) | TPSSV 1T 1910456 0.013 0.410
ETRPCA| 10 [912788| 0.011 0.410

tensor & (||&]|, = m) whose non-zero entries satisfy independent
Bernoulli distribution +1 and Laplacian distribution La(0,1),
respectively. Table 4 lists the recovery results of ETRPCA, RPCA,
TRPCA and TPSSV, respectively. It can be seen that RPCA is inferior
to the tensor methods in estimating the tubal rank of D, and sparsity
of & under different distributions. Compared with the other
methods, ETRPCA has the smallest relative errors about | D—

Dol /I Dol|  and ||E — Eoll 5/ |€0]| » With the exact recovery of tubal
rank. These conclusions are consistent with the above analysis. All
methods have the large relative errors when & satisfies Laplacian
distribution. The reason may be that sparse constraint is unreason-
able for Laplacian distribution.

6.2 Phase Transition in Tubal Rank and Sparsity

In this section, we evaluate the recovery phenomenon of several
methods with varying tubal rank of D, and varying sparsity of &.
In the experiments, we set n = 100 and n3 = 50, and generate a low
rank tensor Dy = P * Q of tubal rank r, where P € R"*"*" and Q €
R The entries of P and Q are independently sampled from
N(0,1/n) distribution. We also generate a sparse tensor £ which
satisfies the Bernoulli distribution B(p,). Its elements are defined as

w.p. 1- Ps s

17
[50]1'jk =40
-1, w.p. ps/2

where, p, is a probability to control sparsity, we select p, and r/n as in
[0.01:0.01:0.5] and [0.01 : 0.01 : 0.5], respectively. For each data gener-

ated by (r,p,), if the recovered tensor D satisfies H’lﬁ)f

(46)

Dollp/|IDol|p < le — 3, then the recovery of low rank is successful,
otherwise recovery fails. Fig. 2 shows the recovery results of several
tensor methods (ETRPCA, TRPCA and TPSSV) (black and white
denote 0 and 100 percent, respectively). Figs. 2a, 2b, 2c, and 2d denote
the recovery results of our method with varying weight vector @ and
p. In the experiments, singular values, which are in decreasing order,
are divided into three groups, the first group ranges from 1 to 50, the
second group ranges from 51 to 75, the third group ranges from 76 to
100, thenw = [0.9,0.9,1.1] and p = 1 for (a), w = [0.9,0.9,1.1]and p =
0.98 for (b), @ =1[0.95,0.95,1.05] and p=0.95 for (0), and & =
[0.9,0.9,1.1] and p = 0.95 for (d). (e) and (f) in Fig. 2 denote TRPCA
and TPSSV, respectively. From Fig. 2, we have that ETRPCA and
TRPCA are superior to TPSSV. It is may be that TPSSV does not
shrink the first r largest singular values which include nothing to do
with the content of images. ETRPCA is superior to the other tensor
methods, and has a large region in which the recovery is correct.
From (a)-(d) in Fig. 2, we have that the recovery is correct when the

0.1 0.2 0.3 0.4 0.5 0.1 0.2 03 04 05 0.1 02 03 04 05
rank /n rank/n rank /n

30.44% 26.52% 3.76%
() (e) ®

Fig. 2. Correct recovery for varying rank and sparsity. (a)-(d) are ETRPCA under
different weights; (e) is TRPCA, (f) is TPSSV.

tubal rank of D is relatively low and the errors & is relatively sparse.
Moreover, p and w affect the performance of ETRPCA, it indicates
that the prior information of singular values is important.

6.3 Image Recovery

We evaluate ETRPCA on the corrupted color images for the image
recovery. In the experiments, we select Berkeley Segmentation
dataset [22] as gallery, and randomly choose 300 color images for
the test. The size of each image is 481 x 321 x 3. For each image, 10
percent of pixels are randomly set as random values in [0, 255],

Ll

b

—_

3a

3b

4a

Fig. 3. Background modeling from videos. Original frames (first row), RPCA (1a and
1b), TRPCA (2a and 2b), WRPCA (3a and 3b),TPSSV (4a and 4b), and ETRPCA
(5a and 5b).
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Fig. 4. Comparison of the PSNR values of RPCA, WRPCA, TRPCA, TPSSV, and
ETRPCA for image denoising on 50 images.

and the positions of the corrupted pixels are unknown. All the 3
channels of the images are corrupted at the same positions (the
corruptions are on the whole tubes). This problem is more chal-
lenging than the corruptions on 3 channels at different posi-
tions [13]. For the recovered image, we evaluate its quality by the
Peak Signal-to-Noise Ratio (PSNR) value and structural similarity
(SSIM) value. The higher PSNR and SSIM values indicate better
recovery performance. Figs. 4 and 5 list PSNR and SSIM values of
several methods on 50 images, respectively, due to the space
limit. Fig. 6 shows some images and the corresponding denoised
images that are recovered by our method ETRPCA, RPCA,
WRPCA, TRPCA and TPSSV, respectively. We set parameter A =
1/4/3 max(nq,ny) in ETRPCA. As can be seen in Figs. 4, 5, and 6,
RPCA and WRPCA are inferior to the tensor methods (TRPCA,
TPSSV and ETRPCA), the reason is that RPCA and WRPCA,
which perform the image recovery on each channel indepen-
dently, do not exploit the complementary information and high-
order information embedded in different channels, while the ten-
sor methods improve the performance by taking the advantage
of the multidimensional structure of data. Our method ETRPCA
is superior to TRPCA and TPSSV, and achieves best results with

(a) Original (b) Observed (¢) RPCA (d) WRPCA

2139
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Fig. 5. Comparison of the SSIM values of RPCA, WRPCA, TRPCA, TPSSV, and
ETRPCA for image denoising on 50 images.

p # 1. This is probably because that each singular value has dif-
ferent meaning and our method considers this fact by choosing
different shrink thresholds for different singular values, while
TRPCA and TPSSV do not.

6.4 Application to Background Modeling

We apply ETRPCA to background modeling that aims to extract the
foreground objects from the background. We select CAVIAR1 image
sequences from Scene Background Initialization (SBI) database [23]
to do experiments. For CAVIARI image sequences, which contain
610 frames with a resolution of 384 x 256 x 3, we use the first 600
frames and resize each frame to 96 x 64 x 3 pixels. To use RPCA and
WPRCA, we reshape it to a 18432 x 600 matrix. To use TRPCA,
TPSSV and ETRPCA, we reshape it to a 6144 x 3 x 600 tensor. Fig. 3
shows some original images and the corresponding experimental
results by ETRPCA, RPCA, WPRCA, TRPCA and TPSSV, respec-
tively. As can be seen that, ETRPCA is superior to the other methods.
This is probably because that ETRPCA well preserves the salient
information such as color information and filters out noise by assign-
ing different weights for all singular values.

(e) TRPCA (f) TPSSV (2) ETRPCA (p=1)

(h) ETRPCA

Fig. 6. Recovery performance comparison on the Berkeley images. (a) Original image; (b) observed image; (c)-(h) recovered images by RPCA, WRPCA, TRPCA,

TPSSV, and ETRPCA, respectively.
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7 CONCLUSION

In this paper, we study the weighted tensor Schatten p-norm minimi-
zation, and leverage it to present an ETRPCA which explicitly consid-
ers the priori information of singular values. Thus, our method well
preserves the prominent information of image, especially color
images. We develop an efficient algorithm, which has a good conver-
gence, to solve ETRPCA. Extensive experimental results on several
applications indicate the efficiency of our method.
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