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Abstract—Despite the promising results, tensor robust principal component

analysis (TRPCA), which aims to recover underlying low-rank structure of clean

tensor data corrupted with noise/outliers by shrinking all singular values equally,

cannot well preserve the salient content of image. Themajor reason is that, in real

applications, there is a salient difference information between all singular values of a

tensor image, and the larger singular values are generally associated with some

salient parts in the image. Thus, the singular values should be treated differently.

Inspired by this observation, we investigate whether there is a better alternative

solution when using tensor rank minimization. In this paper, we develop an

enhanced TRPCA (ETRPCA) which explicitly considers the salient difference

information between singular values of tensor data by the weighted tensor Schatten

p-normminimization, and then propose an efficient algorithm, which has a good

convergence, to solve ETRPCA. Extensive experimental results reveal that the

proposedmethod ETRPCA is superior to several state-of-the-art variant RPCA

methods in terms of performance.

Index Terms—Tensor singular value decomposition, robust principal component

analysis, multidimensional image denoising

Ç

1 INTRODUCTION

LOW-RANK representation has been widely used for background/
foreground detection in video surveillance and image denoising,
where Robust Principal Component Analysis (RPCA) [1] is one of
the most representative methods. It aims to separate the data
matrix Y into a low-rank matrix X 2 Rm�n and a sparse matrix E,
where X represents clean data, and E is error. Since the rank mini-
mization is non-convex and discontinuous, researchers usually use
nuclear norm minimization as a convex relaxation in real applica-
tions [2], [3].

Inspired by the impressive results of RPCA, variant RPCA meth-
ods have been developed by leveraging different regularized terms
such as manifold regularization [4], [5] and noise regularized
term [6], and achieved good experiments in some applications.
Although their motivations are different, all of them regularize all
singular values equally when solving nuclear norm minimization.
This reduces the flexibility of algorithms and obtains the clean data
whose rankdoes not approximate the target rank in practice. To solve
these problems, two of themost representative nuclear normminimi-
zation methods are: (1) Adaptive nuclear norm penalization [7],
which is the same as weighted nuclear normMinimization [8]. Using

it instead of standard nuclear norm in RPCA, weighted RPCA
(WRPCA) is described as

min
X;E

jjXjjvv;� þ �jjEjj1 s:t: Y ¼ XþE; (1)

where jjXjjvv;� ¼
P

j vj � sjðXÞ, vj denotes the jth element of
weighted vector vv, sjð�Þ denotes the jth largest singular value of a
matrix. (2) Nuclear normminimization with Partial Sum of Singular
Values (PSSV) [9], which is similar to truncated nuclear norm regu-
larization [10]. Using it instead of standard nuclear norm, Oh et al.
[9] proposed an alternative objective functionwhich is defined as

min
X

jjXjjp¼r þ �jjEjj1 s:t: Y ¼ XþE; (2)

where jjXjjp¼r ¼
Pminðm;nÞ

j¼rþ1 sjðXÞ.
Onemajor shortcoming of the aforementionednuclear normmini-

mization methods is that they cannot well handle the multidimen-
sional data, also referred to tensor data which are ubiquitous in real
applications [11], [12]. For example, a color image is a 3-way object
with column, row and color modes; a gray scale video is indexed by
two spatial variables and one temporal variable. Since existing
nuclear normmethods first need to transform eachmultidimensional
data into amatrix when learning the low-rank clean data, they ignore
the information embedded in multidimensional structure. This
would cause performance degradation. To alleviate this issue,
inspired by tensor Singular Value Decomposition (t-SVD), Lu et al.
[13] extended RPCA to tensor case and proposed Tensor Robust Prin-
cipal Component (TRPCA) which achieves impressive results in the
experiments. Motivated by TRPCA, Zhang et al. [14] developed
tensor PSSV (TPSSV) that well exploits the target rank when learning
the clean tensor data.

Although TRPCA and TPSSV have achieved impressive results
for multidimensional data analysis, they still have some limita-
tions. First, TRPCA explicitly considers each singular value equally
and shrinks all singular values with the same parameter in solving
the tensor nuclear norm minimization. In real applications, singu-
lar values have clear physical meanings, and the larger singular
values are generally associated with some prominent information
of the image. Thus, to preserve the prominent information embed-
ding in image, we should make the large singular values shrink
less, which was unfortunately not taken into account in TRPCA.
Thus, it cannot well preserve some prominent information such as
color information. Second, TPSSV does not shrink the first r largest
singular values. Doing so implies that information, which are asso-
ciated with the first r largest singular values, does not include
nothing to do with content of the image. However, such an
assumption restricts its capability and flexibility in dealing with
many practical problems [15].

To handle the aforementioned problems and well exploit multi-
dimensional structure embedded in tensor data, inspired by t-SVD
based nuclear norm and TRPCA, we present an enhanced TRPCA
(ETRPCA) that explicitly considers the prior knowledge of singular
values of tensor data in solving tensor nuclear norm minimization,
and then propose an efficient algorithm to solve the tensor low-
rank matrix. Finally, we apply it to multidimensional data for
image recovery/denosing and background modeling. The main
contributions of our work are summarized as follows:

� We study the weighted tensor Schatten p-norm minimiza-
tion (WTSNM) based on t-SVD and propose an efficient
algorithm, which has a closed-form solution, to solve
WTSNM. WTSNM explicitly considers the prior knowledge
of singular values of tensor data.
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� We apply WTSNM to solve our proposed ETRPCA and
develop an efficient algorithm which has a good conver-
gence. The obtained clean tensor data well preserve both
the multidimensional structure and prominent information
embedded in tensor data.

� Most existing nuclear norm minimization models can be
viewed as special cases of our model.

2 NOTATIONS AND PRELIMINARIES

For convenience, we first introduce the notations and definitions
used throughout the paper. We use bold calligraphy letters for
third-order tensors, e.g., AA 2 Rn1�n2�n3 , bold upper case letters for
matrices, e.g., A, bold lower case letters for vectors, e.g., a, and
lower case letters such as aijk for the entries of AA. Moreover, we
denote AðiÞ by the ith frontal slice of AA and AA the discrete Fast
Fourier Transform (FFT) of AA along the third dimension, i.e., AA ¼
fftðAA; ½�; 3Þ. Thus, AA ¼ ifftðAA; ½�; 3Þ.
Definition 1 [16]. For a 3-way tensor AA 2 Rn1�n2�n3 , the Frobenius

norm of AA is jjAAjjF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

ijk aijk
�� ��2q

, and conjugate transpose of AA 2
Rn1�n2�n3 is AAT 2 Rn2�n1�n3 .

Definition 2 [16]. For a 3-way tensor AA 2 Rn1�n2�n3 , we have

bdiagðAAÞ ¼ diagðAð1Þ
;A

ð2Þ
; . . . ;A

ðn3ÞÞ: (3)

Definition 3 [16]. For a 3-way tensor AA 2 Rn1�n2�n3 , its block circu-
lant matrix is a matrix of n1n3 � n2n3 having the following form:

bcircðAAÞ ¼
Að1Þ Aðn3Þ . . . Að2Þ

Að2Þ Að1Þ . . . Að3Þ

..

. ..
. . .

. ..
.

Aðn3Þ Aðn3�1Þ . . . Að1Þ

2
6664

3
7775: (4)

Definition 4 [16]. For a tensor AA2 Rn1�n2�n3 , we have

unfoldðAAÞ ¼ Að1Þ;Að2Þ; . . . ;Aðn3Þ
h i

foldðunfoldðAAÞÞ ¼ AA:
(5)

Definition 5 [16]. Let AA 2 Rn1�n2�n3 and BB 2 Rn2�l�n3 , then the
t-product between them is CC 2 Rn1�l�n3 , i.e.,

CC ¼ AA � BB ¼ foldðbcircðAAÞ�unfoldðBBÞÞ; (6)

t-product between AA and BB can be computed efficiently by

1) Calculate AA ¼ fftðAA; ½�; 3Þ and BB ¼ fftðBB; ½�; 3Þ;
2) Multiply the each pair of the frontal slices of AA and �B�B to

obtain �C�C;
3) Calculate CC ¼ ifftðCC; ½�; 3Þ;

Theorem 1 [16]. Block-circulant matrix can be block-diagonalized by

ðFn3 � In1 Þ�bcircðAAÞ�ðFn3
�1 � In2Þ ¼ A; (7)

where � denotes the Kronecker product, Fn3 is the n3 � n3 Discrete
Fourier Transform (DFT) matrix, In1 and In2 denote n1 � n1 and
n2 � n2 identity matrices, respectively.

Theorem 2 [16](T-SVD). Let AA 2 Rn1�n2�n3 , then AA can be factored
as

AA ¼ UU � SS � VVT ; (8)

where UU 2 Rn1�n1�n3 and VV 2 Rn2�n2�n3 are orthogonal, SS 2
Rn1�n2�n3 is a f-diagonal tensor.

Definition 6 [13], [17] (tensor nuclear norm). Given XX 2
Rn1�n2�n3 , l ¼ minðn1; n2Þ, its nuclear norm is

jjXXjj ¼
Xn3
i¼1

jjXðiÞjj� ¼
Xn3
i¼1

Xl
j¼1

sjðXðiÞÞ: (9)

3 ROBUST TRPCA

3.1 Motivation and Objective

TRPCA [13] is a representative tensor low-rank representation
method. It learns the clean low-rank tensor data XX from YY by

min
EE;XX

�jjEEjj1 þ jjXXjj s:t:YY ¼ XX þ EE: (10)

According to Definition 6, we have that the model (10) regular-
izes all singular values of tensor data equally and shrinks all singu-
lar values with the same parameter in solving the tensor nuclear
norm minimization. In real applications, for an arbitrary image,
there is a large difference between its non-zero singular values,
especially between the first several large singular values and the
last several small singular values, and the larger singular values are
generally associatedwith some prominent information such as color
information of the image. Towell exploit the prominent information
embedding in image, we should make the large singular values
shrink less, while TRPCA does not fully leverage this prior informa-
tion about singular values in minimizing tensor nuclear norm.
Thus, it cannot well preserve some prominent information such as
color information. Moreover, the rank of the clean tensor data XX
may not approximate the target rank in practice. To tackle this prob-
lem, one popularmodel is TPSSVwhose objective function is [14]

min
EE;XX

�jjEEjj1 þ jjXXjjp¼r s:t:YY ¼ XX þ EE; (11)

where jjXXjjp¼r ¼
Pn3

i¼1 jjX
ðiÞjjp¼r. From the model (11), we have that

it does not shrink the first r largest singular values in solving the
tensor nuclear norm minimization. This indicates that the informa-
tion, which are associated with the first r largest singular values,
do not include nothing to do with content of the image. However,
such an assumption is very strict and may not be reasonable in
practice [15].

Inspired by the aforementioned insight analysis, to preserve the
prominent information, we should make the large singular values
shrink less in tensor nuclear norm minimization. Thus, we first
introduce weighted tensor Schatten p-norm as

Definition 7. Given XX 2 Rn1�n2�n3 , h ¼ minðn1; n2Þ, weighted tensor
Schatten p-norm of XX is defined as

jjXXjjvv;Sp¼
 Xn3

i¼1

jjXðiÞjjpvv;Sp
!1

p

¼
 Xn3

i¼1

Xh
j¼1

vj � sjðXðiÞÞp
!1

p

:

(12)

Then, we propose a Robust TRPCA whose objective function is

min
EE;XX

�jjEEjj1 þ jjXXjjpvv;Sp s:t: YY ¼ XX þ EE: (13)

3.2 Optimization

Inspired by Augmented Lagrange Multipliers, the model (13) can
be solved by minimizing the model (14)

GðEE;XX ;LL;mÞ ¼ �jjEEjj1 þ LL;YY � XX � EEh i
jjXXjjpvv;Sp þ

m

2
jjYY � XX � EEjj2F ;

(14)
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where, LL is the Lagrange Multiplier and m is a positive scaler. The
main procedure includes the following several subproblems:

EE-Subproblem. To update EE (fixing the other variables), the model
(14) becomes

argmin
EE

�

mk

jjEEjj1 þ
1

2
jjEE � HHkjj2F ; (15)

where HHk ¼ YY þ m�1
k LLk �XXk, inspired by soft-thresholding opera-

tor, we have

EEkþ1 ¼ T �
mk

ðHHkÞ; (16)

where, the ði; j; kÞth element of T �
mk

ðHHkÞ is signððHHkÞi;j;kÞ�
maxðjðHHkÞi;j;kj � �=mk; 0Þ.

XX -Subproblem. The model (14) becomes

argmin
XX

m�1
k jjXXjjpvv;Sp þ

1

2
jjXX �MMkjj2F ; (17)

where MMk ¼ YY þ m�1
k LLk � EEkþ1 which is called WTSNM. To solve

it, we first introduce the following Lemma and Theorems.

Lemma 1 [18]. For the following optimization problem:

min
d	0

fðdÞ ¼ 1

2
ðd� sÞ2 þ vdp; (18)

with the given p and v, there exists a specific threshold

tGST
p ðvÞ ¼ ð2vð1� pÞÞ 1

2�p þ vpð2vð1� pÞÞp�1
2�p; (19)

we have the following conclusion.

1) When s 
 tGST
p ðvÞ, the optimal solution TGST

p ðs;vÞ of
Eq. (18) is 0.

2) When s > tGST
p ðvÞ, the optimal solution is TGST

p ðs;vÞ ¼
signðsÞSGST

p ðs;vÞ and SGST
p ðs;vÞ can be obtain by solving

SGST
p ðs;vÞ � s þ vpðSGST

p ðs;vÞÞp�1 ¼ 0.

Theorem 3 [18]. LetY ¼ UYDYV
T
Y be the SVD ofY 2 Rm�n, t > 0,

l ¼ minðm;nÞ, 0 
 v1 
 v2 
 � � � 
 vl, a global optimal solution of
the following model:

argmin
X

1

2
jjX�Yjj2F þ tjjXjjpvv;Sp ; (20)

is

�t�vv½Y� ¼ UYPt�vvðYÞVT
Y ; (21)

where, Pt�vvðYÞ ¼ diagðg1; g2; . . . ; g lÞ and gi ¼ TGST
p ðsiðYÞ; t �

viÞ which can be obtained by Lemma 1.

The fact that a closed-form global minimizer can be found
comes from von Neumann’s trace inequality [19], fsiðYÞg is in
nonincreasing order, while fvig is in nondecreasing order.

Theorem 4. Suppose AA 2 Rn1�n2�n3 , l ¼ minðn1; n2Þ; 0 
 v1 
 v2 

� � � 
 vl, let AA ¼ UU � SS � VVT Given the model

argmin
XX

1

2
jjXX � AAjj2F þ tjjXXjjpvv;Sp : (22)

Then, a global optimal solution to the model (22) is

XX� ¼ �t�vvðAAÞ ¼ UU � ifftðPt�vvðAAÞÞ � VVT ; (23)

where, Pt�vvðAAÞ is a tensor and Pt�vvðAðiÞÞ is the ith frontal slice of
Pt�vvðAAÞ.

Proof. In Fourier domain, the model (22) becomes

argmin
XX

1

2
jjXX �AAjj2F þ

Xn3
i¼1

t � jj�XðiÞjjpvv;Sp : (24)

According to Definition 1, we have

argmin
XX

Xn3
i¼1

�
1

2
jjXðiÞ �A

ðiÞjj2F þ t � jj�XðiÞjjpvv;Sp
�
; (25)

where,X
ðiÞ

is the ith frontal slice of XX .
In Eq. (25), each variable X

ðiÞ
is independent. Thus, it can be

divided into n3 independent subproblems. For the ith (i ¼ 1;
2; . . . ; n3) subproblem, we have

argmin

X
ðiÞ

1

2
jjXðiÞ �A

ðiÞjj2F þ t � jj�XðiÞjjpvv;Sp : (26)

According to Theorem 3, the global optimal solution of

Eq. (26) is X
ðiÞ� ¼ �t�vv½AðiÞ� ¼ U

ðiÞ
Pt�vvðAðiÞÞVðiÞT , which is the

ith frontal slice of XX�
. Since we get global solutions of all sub-

problems, according to Definition 5, we can easily get the global

solution of the optimization problem (22), i.e.,

XX� ¼ �t�vv½AA� ¼ UU � ifftðPt�vv AA� �Þ � VVT ; (27)

where UU ¼ ifftðUU; ½�; 3Þ and VV ¼ ifftðVV; ½�; 3Þ. tu
Now, we consider how to solve the model (17). According to

Theorem 4, the solution is

XX kþ1¼�m�1
k

�vvðMMkÞ: (28)

The pseudo code is summarized in Algorithm 1.

4 CONVERGENCE ANALYSIS

To prove the convergence of Algorithm 1, we first prove the
bounded of sequences fLLkg, fEEkg and fXX kg (See Theorems 5 and
6), then show convergence (See Theorem 8).

Theorem 5. The sequence fLLkg, which is generated by Algorithm 1, is
bounded.

Proof. In the ðkþ 1Þth iteration in Algorithm 1, we have

jjLLkþ1jjF ¼ jjLLk þ mkðYY � XXkþ1 � EEkþ1ÞjjF
¼ mk � jjm�1

k LLk þ YY � XXkþ1 � EEkþ1jjF
¼ mkffiffiffiffiffi

n3
p jjbdiagðYY þ m�1

k LLk � EEkþ1 �XXkþ1ÞjjF

¼ mkffiffiffiffiffi
n3

p jjbdiagðMMkÞ � bdiagðXXkþ1ÞjjF

(29)

XX kþ1¼UUk � ifftðPm�1
k

�vvðMMkÞÞ � VVT
k : (30)

Denote by UUk � SSk � VVT
k the t-SVD of MMk, and substituting it

and Eq. (30) into Eq. (29), we have

jjLLkþ1jjF ¼ mk �
1ffiffiffiffiffi
n3

p jjbdiagðUUkÞ � ðbdiagðSSkÞ

� bdiagðPm�1
k

�vvðMMkÞÞÞ�bdiagðVVk
T ÞjjF

¼mk �
1ffiffiffiffiffi
n3

p jjbdiagðSSkÞ�bdiagðPm�1
k

�vvðMMkÞÞjjF


 mk �
1ffiffiffiffiffi
n3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn3
j¼1

X
i

Jvi

mk

� �2
vuut ¼ 1ffiffiffiffiffi

n3
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn3
j¼1

X
i

J2vi
2

vuut ;

(31)
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where, J is the number of iterations in solving the model (18).
Thus, fLLkg is bounded. tu

Algorithm 1. Solving Eq. (13)

Input: Observation data YY, weight vector vv.
Initialize: m0 ¼ 1e� 4, r ¼ 1:1, k ¼ 0, mmax¼1e10, "¼1e� 8,
XX0 ¼ EE0 ¼ 0, LL0 ¼ 0.
while not converged do
1: Update EEkþ1 by the model (16).
2: UpdateXXkþ1 by the model (28).
3: Update LLkþ1 ¼ LLk þ mkðYY � XXkþ1 � EEkþ1Þ.
4: Update mkþ1 by mkþ1 ¼ minðrmk;mmaxÞ.
5: Check the convergence conditions
jjEEkþ1 � EEkjjF 
 ", jjXX kþ1 � XXkjjF 
 "
jjYY � XXkþ1 � EEkþ1jjF 
 "
end while
6: Output EE, XX

Theorem 6. The sequences fEEkg and fXXkg, which are generated by
Algorithm 1, are bounded.

Proof. In step 1 and step 2 in Algorithm 1, since both EE and X sub-
problems have optimal solution, we have

GðEEkþ1;Xkþ1;LLk;mkÞ 
 GðEEk;Xk;LLk;mkÞ: (32)

According to step 3 in Algorithm 1, we have

LLkþ1 ¼ LLk þ mkðYY � XX kþ1 � EEkþ1Þ: (33)

Then

GðEEk;XXk;LLk;mkÞ¼GðEEk;XXk;LLk�1;mk�1Þ
þ mk � mk�1

2
jjYY � XX k � EEkjj2F þ LLk � LLk�1;YY � XXk � EEkh i

¼ GðEEk;XXk;LLk�1;mk�1Þ þ
mk � mk�1

2
jjm�1

k�1
ðLLk � LLk�1Þjj2F

þ LLk � LLk�1;m
�1
k�1

ðLLk � LLk�1Þ
D E

¼ GðEEk;XXk;LLk�1;mk�1Þ þ
mk þ mk�1

2m2
k�1

jjLLk � LLk�1jj2F :

(34)

Denote by Q the bound of jjLLk � LLk�1jj2F for all k ¼ 1;f
. . . ;1g, and combining Eq. (32), we have

GðEEkþ1;XXkþ1;LLk;mkÞ 
 GðEE1;XX1;LL0;m0Þ

þQ
X1
k¼1

mk þ mk�1

2m2
k�1

:
(35)

According to [20], we have that the penalty parameter fmkg
satisfies

P1
k¼1

mkþ1

m2
k

< þ1, then

X1
k¼1

mk þ mk�1

2m2
k�1



X1
k¼1

mk

m2
k�1

< þ1: (36)

Thus, GðEEkþ1;XXkþ1;LLk;mkÞ is upper bounded. The boundedness
of sequences fXXkþ1g and fEEkþ1g can be deduced as follows:

�jjEEkjj1 þ jjXXkjjpvv;Sp

¼ GðEEk;XXk;LLk�1;mk�1Þ þ
mk�1

2

 
1

m2
k�1

jjLLk�1jj2F

� jjYY � XX k � EEk þ 1

mk�1

LLk�1jj2F
!

¼ GðEEk;XXk;LLk�1;mk�1Þ �
1

2mk�1

ðjjLLkjj2F � jjLLk�1jj2F Þ:

(37)

Since fLLkg, which is generated by Algorithm 1, and GðEEkþ1;

XXkþ1;LLk;mkÞ are all bounded, in addition, jjEEkjj1 and jjXXkjjpvv;Sp
are all nonnegative, thus fXXkg, and fEEkg are all bounded. tu

Theorem 7. (Bolzano-Weierstrass theorem) [21] Every bounded
sequence of real numbers has a convergent subsequence.

Theorem 8. If the weights are sorted in non-descending order, then fEEkg
and fXXkg generated by Algorithm 1 satisfy

1) limk!1 jjXXkþ1 � XX kjjF ¼ 0
2) limk!1 jjEEkþ1 � EEkjjF ¼ 0
3) limk!1 jjYY � XX kþ1 � EEkþ1jjF ¼ 0

Proof. According to Theorems 5 and 6, we know fXXkg, fEEkg and
fLLkg are all bounded. According to Theorem 7, fXXk; EEk;LLkg
have at least one convergent subsequence, respectively, so there
exists at least one accumulation point for fXX k; EEk;LLkg. Specifi-
cally, we have

lim
k!1

jjYY � XXkþ1 � EEkþ1jjF ¼ lim
k!1

1

mk

jjLLkþ1 � LLkjjF ¼ 0: (38)

Thus, the accumulation point is a feasible solution of the
model (13). Then, for the EE subproblem in Algorithm 1, we have

lim
k!1

jjEEkþ1 � EEkjjF ¼ lim
k!1

jjT �
mk

ðHHkÞ � HHk

þ m�1
k LLkþm�1

k�1ðLLk � LLk�1ÞjjF 
 lim
k!1

�n1n2n3

mk

þ jjm�1
k LLk þ m�1

k�1ðLLk � LLk�1ÞjjF ¼ 0;

(39)

where n1, n2 and n3 are size of YY. tu
In the kth iteration, we have

XXk¼UUk�1 � ifftðPm�1
k�1

�vvðMMk�1ÞÞ � VVT
k�1: (40)

According to step 3 in Algorithm 1, we have

XXkþ1 ¼ YYþm�1
k ðLLkþ1 � LLkÞ � EEkþ1: (41)

Denote by UUk�1 � SSk�1 � VVT
k�1 the t-SVD ofMMk�1, then

lim
k!1

jjXXkþ1 �XXkjjF
¼ lim

k!1
jjYYþm�1

k ðLLk � LLkþ1Þ � EEkþ1 � XXkjjF
¼ lim

k!1
jjðYYþm�1

k LLk � m�1
k LLkþ1 � EEkþ1Þ � XXk

þðEEk þ m�1
k�1LLk�1Þ � ðEEk þ m�1

k�1LLk�1ÞjjF 

lim
k!1

jjMMk�1 � XXkjjF þ jjEEk � EEkþ1jjF þ jjm�1
k LLk

� m�1
k LLkþ1 � m�1

k�1LLk�1jjF ¼ lim
k!1

ðjjEEk � EEkþ1jjF

þ 1ffiffiffiffiffi
n3

p jjbdiagðSSk�1Þ�bdiagðPm�1
k�1

�vvðMMk�1ÞÞjjF
þ jjm�1

k LLk � m�1
k LLkþ1 � m�1

k�1LLk�1jjF Þ

¼ lim
k!1

1ffiffiffiffiffi
n3

p
mk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn3
j¼1

X
i

J2vi
2

vuut ¼0:

(42)

5 RELATIONSHIP WITH RELATED WORK

This section introduces the relationships of our model with the
relatedwork. Fig. 1 shows that the connections between our method
and most representative methods such as RPCA [1], TRPCA [13],
PSSV [9], TPSSV [14], TRPCA-WTNN [11], [12], WRPCA [7], [8],
and RPCA-WSNM [18]. Due to the space limit, we herein prove the
relationship between RPCA and ourmodel as follows.
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Theorem 9. Our model (13) reduces to RPCA when n3 ¼ 1, v ¼ 1 and
p ¼ 1.

Proof. When n3 ¼ 1, then XX and YY become second-order matrices,
denotingX andY, respectively.

From Definition 3, we have

bcircðXXÞ ¼ Xð1Þ
h i

¼ X: (43)

According to Theorem 1 and combing Eq. (43), we have

bdiagðXXÞ ¼ X
ð1Þh i

¼ ðF1 � In1Þ�bcircðXXÞ�ðF�1
1 � In2Þ

¼ ðF1 � In1Þ�X�ðF�1
1 � In2 Þ;

(44)

where F1, denoting the 1� 1 Discrete Fourier Transform(DFT)
matrix, is a constant 1. Then,X

ð1Þ ¼ X.
According to Definition 7, we have

jjXXjjpvv;Sp ¼ jjXð1Þjjvv;Sp ¼ jjXjjvv;Sp : (45)

Thus, if n3 ¼ 1, p ¼ 1, vv ¼ 1, our model reduces to RPCA. tu

6 EXPERIMENTAL RESULTS

In this section, we first compare our proposed method ETRPCA
with some classical and recently proposed methods such as
RPCA [1], WRPCA [7], [8], PSSV [9], TRPCA [13] and TPSSV [14]
under synthetic data sets, and then apply them for image recovery
and background modelling in the following subsections.

6.1 Exact Recovery From Varying Fractions of Error

We verify the correct recovery of low-rank and sparse components
on random data with different fractions of error. First, we generate
a low rank tensor DD0 ¼ PP � QQ with tubal rank r according to
Theorem 4.1 in [13], where PP 2 Rn�r�n and QQ 2 Rr�n�n are inde-
pendently sampled from Nð0; 1=nÞ distribution. The size of tensor
DD0 is n� n� n with varying choices of dimension (n =100, 200 and
300). Then, we generate a sparse tensor EE (jjEE0jj0 ¼ m) whose

non-zero entries satisfy independent Bernoulli distribution �1. We
test on two settings. In the first experiments, we set r ¼
ranktðDD0Þ ¼ 0:1n and m ¼ jjEE0jj0 ¼ 0:1n3. In the second experi-
ments, we set r ¼ ranktðDD0Þ ¼ 0:1n and m ¼ jjEE0jj0 ¼ 0:2n3.
Tables 1 and 2 list the recovery results of several methods on vary-
ing choices of n, respectively.

FromTables 1 and 2, we can see that: (1) Tensormethods can give
the correct rank estimation, while RPCA does not. The reason may
be that tensor methods well exploit spatial structure due to the fact
that they do not need to transform each tensor into a matrix. (2)
Compared with the other methods, our method ETRPCA achieves

the smallest relative errors about k DD
_

�DD0kF =kDD0kF with the correct
estimation of rank.Moreover, ETRPCAoverall gives the correct esti-
mation of the sparsity of EE0 with the smallest relative errors k EE

_

�EE0kF =kEE0kF . The reason may be that ETRPCA explicitly considers
the prominent different information between singular values. (3)
TPSSV is inferior to RPCA. This is probably because that TPSSV
assumes that the information, which are associated with the first r
largest singular values, do not include nothing to do with content of
the image. This is unreasonable in practice.

Table 3 shows the results of ETRPCA under different values of
v and p. In Table 3, we divide v into three groups, the first group
ranges from 1 to 5, the second group ranges from 6 to 10, the third
group ranges from 11 to 100, and the specific parameters of each
group are shown in Table 3. We have that ETRPCA achieves the
good results with vv ¼ ½0:8; 1; 10� when p ¼ 1 is fixed,and gets the
best results with p ¼ 0:85 when vv ¼ ½0:8; 1; 10� is fixed. It means
that performance of ETRPCA depends on the setting of v and p,
which affect singular values. Thus, prominent different informa-
tion of singular values is important in practice.

To further analyze the performance of ETRPCA, by fixing n ¼
100, r ¼ 10, and m ¼ jjEE0jj0 ¼ 0:1n3, we generate tensors PP 2
Rn�r�n andQQ 2 Rr�n�n whose elements are independently sampled
from two different distributions Nð0; 1=nÞ and Nð0; 1Þ, and sparse

Fig. 1. The relationship graph of our model with the related work.

TABLE 1
Correct Recovery for Random Problems of Varying Sizes

(r ¼ ranktðD0Þ ¼ 0:1n;m ¼ jjE0jj0 ¼ 0:1n3)

TABLE 2
Correct Recovery for Random Problems of Varying Sizes

(r ¼ ranktðD0Þ ¼ 0:1n;m ¼ jjE0jj0 ¼ 0:2n3)

TABLE 3
Correct Recovery With Varying p and v (n ¼ 100,

r ¼ ranktðD0Þ ¼ 0:1n;m ¼ jjE0jj0 ¼ 0:2n3)
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tensor EE (jjEE0jj0 ¼ m) whose non-zero entries satisfy independent
Bernoulli distribution �1 and Laplacian distribution La 0; 1ð Þ,
respectively. Table 4 lists the recovery results of ETRPCA, RPCA,
TRPCA and TPSSV, respectively. It can be seen that RPCA is inferior
to the tensormethods in estimating the tubal rank ofDD0 and sparsity
of EE0 under different distributions. Compared with the other
methods, ETRPCA has the smallest relative errors about kDD

_

�
DD0kF =kDD0kF and kEE

_

� EE0kF =kEE0kF with the exact recovery of tubal
rank. These conclusions are consistent with the above analysis. All
methods have the large relative errors when EE0 satisfies Laplacian
distribution. The reason may be that sparse constraint is unreason-
able for Laplacian distribution.

6.2 Phase Transition in Tubal Rank and Sparsity

In this section, we evaluate the recovery phenomenon of several
methods with varying tubal rank of DD0 and varying sparsity of EE0.
In the experiments, we set n ¼ 100 and n3 ¼ 50, and generate a low
rank tensorDD0 ¼ PP � QQ of tubal rank r, where PP 2 Rn�r�n3 andQQ 2
Rr�n�n3 . The entries of PP and QQ are independently sampled from
Nð0; 1=nÞ distribution. We also generate a sparse tensor EE0 which
satisfies the Bernoulli distributionBðrsÞ. Its elements are defined as

EE0½ �ijk ¼
1; w:p: rs=2
0; w:p: 1� rs
�1; w:p: rs=2

8<
: ; (46)

where, rs is a probability to control sparsity, we select rs and r=n as in
[0.01: 0.01 : 0.5] and [0.01 : 0.01 : 0.5], respectively. For each data gener-

ated by r;rsð Þ, if the recovered tensor DD
_

satisfies jjDD
_

�
DD0jjF =jjDD0jjF < 1e� 3, then the recovery of low rank is successful,

otherwise recovery fails. Fig. 2 shows the recovery results of several

tensor methods (ETRPCA, TRPCA and TPSSV) (black and white

denote 0 and 100 percent, respectively). Figs. 2a, 2b, 2c, and 2d denote

the recovery results of our method with varying weight vector vv and

p. In the experiments, singular values, which are in decreasing order,

are divided into three groups, the first group ranges from 1 to 50, the

second group ranges from 51 to 75, the third group ranges from 76 to

100, thenvv ¼ ½0:9; 0:9; 1:1� and p ¼ 1 for (a),vv ¼ ½0:9; 0:9; 1:1� and p ¼
0:98 for (b), vv ¼ ½0:95; 0:95; 1:05� and p ¼ 0:95 for (c), and vv ¼
½0:9; 0:9; 1:1� and p ¼ 0:95 for (d). (e) and (f) in Fig. 2 denote TRPCA

and TPSSV, respectively. From Fig. 2, we have that ETRPCA and

TRPCA are superior to TPSSV. It is may be that TPSSV does not

shrink the first r largest singular values which include nothing to do

with the content of images. ETRPCA is superior to the other tensor

methods, and has a large region in which the recovery is correct.

From (a)-(d) in Fig. 2, we have that the recovery is correct when the

tubal rank ofDD0 is relatively low and the errors EE0 is relatively sparse.

Moreover, p and vv affect the performance of ETRPCA, it indicates

that the prior information of singular values is important.

6.3 Image Recovery

We evaluate ETRPCA on the corrupted color images for the image
recovery. In the experiments, we select Berkeley Segmentation
dataset [22] as gallery, and randomly choose 300 color images for
the test. The size of each image is 481� 321� 3. For each image, 10
percent of pixels are randomly set as random values in [0, 255],

TABLE 4
Correct Recovery Under Different Distributions

(r ¼ ranktðD0Þ ¼ 0:1n;m ¼ jjE0jj0 ¼ 0:1n3; n ¼ 100)

Fig. 2. Correct recovery for varying rank and sparsity. (a)-(d) are ETRPCA under
different weights; (e) is TRPCA, (f) is TPSSV.

Fig. 3. Backgroundmodeling from videos. Original frames (first row), RPCA (1a and
1b), TRPCA (2a and 2b), WRPCA (3a and 3b),TPSSV (4a and 4b), and ETRPCA
(5a and 5b).
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and the positions of the corrupted pixels are unknown. All the 3
channels of the images are corrupted at the same positions (the
corruptions are on the whole tubes). This problem is more chal-
lenging than the corruptions on 3 channels at different posi-
tions [13]. For the recovered image, we evaluate its quality by the
Peak Signal-to-Noise Ratio (PSNR) value and structural similarity
(SSIM) value. The higher PSNR and SSIM values indicate better
recovery performance. Figs. 4 and 5 list PSNR and SSIM values of
several methods on 50 images, respectively, due to the space
limit. Fig. 6 shows some images and the corresponding denoised
images that are recovered by our method ETRPCA, RPCA,
WRPCA, TRPCA and TPSSV, respectively. We set parameter � ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 maxðn1; n2Þ

p
in ETRPCA. As can be seen in Figs. 4, 5, and 6,

RPCA and WRPCA are inferior to the tensor methods (TRPCA,
TPSSV and ETRPCA), the reason is that RPCA and WRPCA,
which perform the image recovery on each channel indepen-
dently, do not exploit the complementary information and high-
order information embedded in different channels, while the ten-
sor methods improve the performance by taking the advantage
of the multidimensional structure of data. Our method ETRPCA
is superior to TRPCA and TPSSV, and achieves best results with

p 6¼ 1. This is probably because that each singular value has dif-
ferent meaning and our method considers this fact by choosing
different shrink thresholds for different singular values, while
TRPCA and TPSSV do not.

6.4 Application to Background Modeling

We apply ETRPCA to background modeling that aims to extract the
foreground objects from the background. We select CAVIAR1 image
sequences from Scene Background Initialization (SBI) database [23]
to do experiments. For CAVIAR1 image sequences, which contain
610 frames with a resolution of 384� 256� 3, we use the first 600
frames and resize each frame to 96� 64� 3 pixels. To use RPCA and
WPRCA, we reshape it to a 18432� 600 matrix. To use TRPCA,
TPSSV and ETRPCA, we reshape it to a 6144� 3� 600 tensor. Fig. 3
shows some original images and the corresponding experimental
results by ETRPCA, RPCA, WPRCA, TRPCA and TPSSV, respec-
tively. As can be seen that, ETRPCA is superior to the other methods.
This is probably because that ETRPCA well preserves the salient
information such as color information and filters out noise by assign-
ing differentweights for all singular values.

Fig. 4. Comparison of the PSNR values of RPCA, WRPCA, TRPCA, TPSSV, and
ETRPCA for image denoising on 50 images.

Fig. 5. Comparison of the SSIM values of RPCA, WRPCA, TRPCA, TPSSV, and
ETRPCA for image denoising on 50 images.

Fig. 6. Recovery performance comparison on the Berkeley images. (a) Original image; (b) observed image; (c)-(h) recovered images by RPCA, WRPCA, TRPCA,
TPSSV, and ETRPCA, respectively.
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7 CONCLUSION

In this paper, we study theweighted tensor Schatten p-normminimi-
zation, and leverage it to present anETRPCAwhich explicitly consid-
ers the priori information of singular values. Thus, our method well
preserves the prominent information of image, especially color
images. We develop an efficient algorithm, which has a good conver-
gence, to solve ETRPCA. Extensive experimental results on several
applications indicate the efficiency of ourmethod.
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